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Expectation and Variance

® The expectation (or mean or expected value) of a discrete
random variable X is given by

X =) xpy (X)

® The expected value of a func)‘(tion gofaRV Xis given by

*J[Q(X)]=§9(X) p (X)

® The variance of a RV X is given by

Var[X]=E| (X ~BX)’ | =B[ X ]-(BX )’

¢ The standard deviation of a RV X is given by

oy :\/Var[X]




Expectation

® The expectation (or mean or expected value) of a discrete
random variable X is given by

X =) xpy (X)
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Christiaan Huygens (1629-1695)

® Dutch astronomer

® In 1657, wrote the first treatise (textbook) on

probability theory: “On Reasoning in Games of
Chance”

Van Rekeningh in Spelen van Geluck

De ratiociniis in ludo aleae
http://www.york.ac.uk/depts/maths/histstat/h
uygens.htm

* Interest sparked partly by the work of Pascal
and Fermat.

° Originally introduced the concept of
expected value.
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http:/ /bc.ub.leidenuniv.nl/be/ tentoonstelling/ Huygens/Images/ html/03_2.html

http:// en.wikipedia.org/ wiki/ Christiaan_Huygens#mediaViewer/ File: Christia
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Christiaan Huygens (1629-1695)

e Also famous for the “Huygens’ Principle”
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All points on a wavefront serve as
point sources of spherical secondary
wavelets. After a time t, the new
position of the wavefront will be that

¢ At
of a surface tangent to these

secondary wavelets.
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Wavefront at New position
=0 of wavefront
at time = At




Calculations of Expected Values
& WolframAlpha o,

' sum exp(-alpha) k * alpha~k / k! from k =0 to infinity =] |
= Examples =2 Random
Poisson(Q)
Infinite sum:
2 k exp(—a) a*
Z Pli lam _ EX =«
=0
n! isthe factorial function »
| sum k * n/(K=(n-k)!) * p~k * (1-p)~(n-k) from k =0 to n =]
= Examples =4 Random
Binomial(n,p)
Sum:
kn!p*(1-p*
=n J—
E‘ kl(n—k)! P BX =np

n! isthe factorial function »
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Government Lottery (aannumiosyua)
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“Similar” Example
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Computation of E[X4]

WolframA lpha e,
3% p

sum exp(-alpha) k™2 * alpha~k [/ k! from k =0 to infinity E|

= Examples =2 Random

_ Poisson(Q)
Infinite sum:

Z Exp;i.ﬂ}ﬂ =ala+]) E[X :|:a_|_a

k=0 )

n! isthe factoral function »
| sum k~2 = ni/(k=(n-k)!) = p~k = (1-p)~(n-k) from k =0 to n =)
= Examples =2 Random
Binomial(n,p)

Sum:

n kEH!PkEI_P}J:—k B 5 2 . 2

oy —reeen B XZ = np(1-p)+(np)

n! isthe factorial function =




“Average” deviation from the mean

* Deviation (distance) from the mean: X — X

o “Average” deviation from the mean

Choice #1: E[X —EX] =EX —E[EX] =EX —-EX =0
;V_J
constant

Choice #2: E[l X — KX |] . difficult to calculate or analyze
Choice #3: 0y = VVar X = \/E[(X — EX)?]

[\ ]

root mean  square of the deviation

(distance) from

the mean

/




Computation of Var X and o,

Binomial(n,p)
|: sum k * nt/(k'*(n-k)!) * p~k * (1-p)*(n-k)} from k =0 to n E:I
= Exampl m
Sum:
n k n!pk (1— p}n—k B
2 kim—ky ¢ EX = np i
k=0
2 2
Var X =E| X* |-(EX)" =np(1- p)
[ sum k~2 = nt/(K=(n-K)) = p~k * (1-p)~{n-k) from k =0 to n E:I
= Examples : Random
Sum: ‘
Semda e B X2 ] =np(1- p)+(np)
2 k- k! pUt pP—up

n! isthe factorial function =




Expectation and Variance

® The expectation (or mean or expected value) of a discrete
random variable X is given by

X =) xpy (X)

® The expected value of a func)‘(tion gofaRV Xis given by

*J[Q(X)]=§9(X) P (X)

® The variance of a RV X is given by

Var[X]=E| (X ~BX)’ | =B[ X ]-(BX )’

¢ The standard deviation of a RV X is given by

oy :\/Var[X]




Properties Expectation and Variance

51 9(X)] = g(B[X])

g i[aX +b]=a(EX)+b -

\*J[Clgl(x)wgz(x)j =cE[g,(X)]+Cc,E[g,(X)] )

: Var[aX +b]=a"Var| X | A
O ax +b :‘a Oy

Var|c,g,(X) +¢,0,(X)] = ¢/ Var[g,(X)]+ ¢, Var[ g,(X)]+¢,c, Cov[g,(X),,(X)]

o J
© 1 ¥
\ To be discussed in Chapter 11 /




